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Introduction 

Let R be the local ring of a point of an algebraic or algebroid curve over a 
field k of characteristic zero, and let 0,(11/ k) denote its universal finite Kahler 
module of differentials over k. For the sake of simplicity we assume in this pa- 
per that R is complete without zero divisors and that k is algebraically closed. 
There is a conjecture that the torsion submodule T of Q(R/k) is non trivial if 
R is not regular. The answer to this problem is still open in general, while it is 
affirmative in a number of special cases. (See for instance [6]. Unfortunately 
this report contains many misprints which are not the author's fault. A correct 
version can be obtained from the author via e-mail.) 

In [4] we have shown that, if there is a torsion, the canonical homomorphism 
from Q(R/k) into the differential module Q(Ri/k) of its first quadratic trans- 
form Ri has a non trivial kernel. Further the torsion is trivial if R is regular. 
Since R\ is "less singular" than R it is therefore plausible to conjecture that the 



2 



BERGER 



length of the torsion will decrease when going from Q(R/k) to Vt{Ri/k). 1 If 
one could show that this length genuinely decreases, without previously know- 
ing that there was a non trivial torsion, this would be a means of proving that 
there was a non trivial torsion. 

If R is a complete intersection there is a simple formula for the length £{T). 
Then R\ need not be a complete intersection too, but if it is, the difference 
£{T) —£(Ti) can easily be computed and is > if R is singular (Theorem 2.3). 
A complete intersection with this property will be called a "stable" complete 
intersection. Especially this is the case for a plane curve or a curve through a 
non singular point of a (twodimensional) surface. 

The general case of an arbitrary complete intersection in more complicated. 
But if R is also a semigroup ring then R\ is a semigroup ring too, and we 
can at least give an explicit lower bound for the difference of the two torsions, 
which is > if R is not regular (Remark 4.3). 

Similarly, if R is an almost complete intersection and R\ is a complete inter- 
section one has a formula for £{T) — £{T\) which shows that this difference 
is > if R is singular (Theorem 2.3). In this case we call R a "nice" almost 
complete intersection. 

Notations and Remarks 

We denote by 

k an algebraically closed field, 

R a complete analytic local /c-algebra of dimension one without zero divisors, 

m the maximal ideal of R, 

K the quotient field of R, 

S the integral closure of R in K. 

Then S ~ kft] is a formal power series ring in a variable t and therefore a 

discrete valuation ring. Further S is a finitely generated i?-module. 

Let 

v denote the valuation on K with value group Z defined by S. 

Any 7^ x G m is a system of parameters for R, and therefore R is a finitely 

generated module over the discrete valuation ring 

s := k\x\. 

Since R has no zero divisors R is a even a free s-module and therefore 

R is flat over s. 

Let 

x G m be an element of minimal value with respect to v. 
Then 

q := (K : Quot(s)) is the multiplicity of the local ring R. 

x G m \ m 2 , and therefore x is part of a minimal system of generators for m. 

1 This does not follow from the fact that there is a non trivial kernel of the map 
Ct(R/k) —> il(Ri/k) since in general new torsion elements will arise in Q(Ri/k). 
Also there may be rings between R and R\ whose differential module has a bigger torsion 
than that of R, as was shown by J. Heinrich in [7]. 
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Let 

n := edimi? be the embedding dimension of R and 

{x, X2, ■ ■ ■ , x n } a minimal system of generators for m as an .R-module. One can 
choose the Xi so that v(x) < v{xi) for i = 2, . . . ,n. Then the first quadratic 
transform R\ of R is defined by 
R.-^Rif,...,^} 

Since u(x) < v(xi) for i = 2, ... ,n we have R\ C S. Therefore R\ is also a 
finitely generated free s-module and a local ring. We denote by 
mi the maximal ideal of R±. 

mi is generated by {x, . . . , Ri does not depend on the choice of a; and 
the Xi (see [12]). 

Further we denote by 

D : S — > Q(S/k) the universal finite derivation of S over k, 
di : R\ — > Q(Ri/k) the universal finite derivation of R\ over k, 
d : R — ► Vt{R/k) the universal finite derivation of R over k, 
5i : Ri — ► Q(Ri/s) the universal derivation of R\ over s, 
5 : R — > Q(R/s) the universal finite derivation of R over s, 
Ti := r(Q(Ri/k)) the torsion submodule of VL(Ri/k), 
T := r(Q(R/k)) the torsion submodule of Q(R/k). 

Both these torsion modules have finite length as R\- and i?-modules respec- 
tively. 

Since k is algebraically closed R\/x(\.i = R/m = s/ s ■ s = k and therefore for 
any R- or s-module of finite length the length £r and £ s as R±- or R- 
or s- module respectively is equal to the dimension dim^ as /c-vector space. 

1. A FORMULA FOR THE TORSION OF A COMPLETE INTERSECTION 

Let R be a complete intersection. 2 Represent R as a homorphic image of the 
formal power series ring P :— k{x, X 2 , . . . , X n ] = s{X 2 , . . . , X n J. 
Let <f : s|X 2 , . . . , X n ] — >■ R with ip\s = id and := Xj for i = 2, . . . , n be 

that representation. 

Then, since P is a regular local ring of dimension n and R is a complete 
intersection of dimension 1, the kernel a of ip is generated by n — 1 elements. 

2 Let i? be a noetherian local Ring, P a regular local ring, o an ideal of P, and R ~ P/a. 
Then the minmal number of generators /J.p(a) of a as an P-module is given by 
Hp (a) = dimP — edimP + S\(R) (see [11, Th. 21.1] for the formula and the beginning of 
[11, §21] for the definition of the invariant Si(R).) One needs at least dimP — dimP 
generators. So, in general, one has /Up(a) = dimP — dimP + d with a non negative integer d. 
In fact, d is an invariant, the "deviation", of P and therefore independent of the choice of P, 
because from dimP — dimP + d = ^p(a) = dimP — cdimP + £i(P) follows: 

d = d(R) = £i (P) - (cdim P - dim P) . 

In the case d(R) = the local ring P is called a "complete intersection". 
In the case d{R) = 1 the local ring P is called an "almost complete intersection". 
While complete intersections are Gorenstein rings this is not so for almost complete inter- 
sections (see [9]). 

If one chooses P := s\X%, . . . , X n ], then dimP = n = cdimP and therefore pis (a) = £i(P). 
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By [3], Satz 7 we have for an almost complete intersection 

£r(T) = £ R (SDS/RDR)+£ R (S/R)+£ R (® K (R/s)- 1 /R*), 

where Dk denotes the Kahler different and R* complementary module of R 

over s. The classical Dedekind different T>d{R/s) is defined by 

Dd(R/s) := R*~ x . If R is a complete intersection then R is a Gorenstein ring 

and therefore Dd^/s)^ 1 = (i?* -1 ) -1 = R* , so that the formula can be written 

as 

£r{T) = £ R (SDS/RDR) +£ R (S/R) + £ R (V K (R/s)- 1 /T) D (R/s)- 1 ). 

By [8], Satz 1 Dk(R/s) is equal to the Noether different Qn(R/s), and by 

[1], III, Satz 7 the Noether different T) N {R/s) is equal to T) D {R/s). Therefore 

® K (R/s) = T) D {R/s). ( See also [10] Corollary G.12.) 

So be obtain: 

1.1. Theorem. If R is a complete intersection then 

£ R (T) = £ R (SBS/RBR)+£ R (S/R) 

1.2. Remark. If R is a complete intersection which is also a semigroup ring 
then by Corollary 5.3 we have £ R (SDS/RDR) = £ R (S/R), so that in this case 

£ R {T) = 2-£ R {S/R) 

(For the case of a plane curve see also [16], Theorem 4) 

2. Nice almost complete intersections 
and stable complete intersections 

2.1. Definition. R is called a nice almost complete intersection if R is an al- 
most complete intersection, and its first quadratic transform R\ is a complete 
intersection. 

R is called a stable complete intersection if R and also its first quadratic trans- 
form R\ are both complete intersections. 

2.2. Example. The local ring R of a point of a curve on a surface in a non 
singular point of the surface (e.g. a plane curve) is always a stable complete 
intersection: 

The maximal ideal m of R is generated by two elements {x,x 2 }. Then the 
maximal ideal mi of R\ is also generated by two elementsja;, It follows 
that both rings are factor rings of formal power series rings in two variables. 
Since their dimensions are one, their relation ideals are principal, and so both 
rings are complete intersections. 

If R is a nice almost complete intersection we can apply the formula of 
[3], Satz 7 to R and the formula of Theorem 1.1 to Ri, obtaining: 
£r(T) =£ r (SDS/RBR) +£ R (S/R)+£ R (V K (R/sy 1 /R*), SBS 
£ Rl (2i)= £ Rl (S D S/R x D R)+£ Rl {S/R^, I 
while in the case of a stable complete intersection the first formula is ^i -^1 
reduced to I 
£r(T) =£ r (SBS/RBR)+£ r (S/R). R 
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On the other hand, since £ R = dim k = £ Rl , subtracting the two formulas above 
we get: 

2.3. Theorem. If R is a nice almost complete intersection then 

£r(T) -e Rl (Ti) = dimwit! dRi/RdR) + dim k (R 1 /R) + dim k (® K {R/ s)' 1 / R*) 
If R is a stable complete intersection then 

£r{T) - £ Rl {Ti) = dim k (R 1 BR 1 /RBR)+dim k (R 1 /R) 

2.4. Remark. If R is also a semigroup ring then by Corollary 5.4 we have 
dimfc(i?i D Ri/RD R) = dim k (Ri/ R) so that in this case we obtain 

£r{T) - £r(T 1 ) = 2dim k (R 1 /R) + dim fe (^ K (R/ s)' 1 / R*) 
in the case of a nice almost complete intersection and 
£ R (T)-£ Rl (T 1 ) = 2dim k (R 1 /R) 

in the case of a stable complete intersection, where the last formula follows 
already by applying Remark 1.2 to R and R\. 

3. A GENERAL FORMULA FOR £r{T) - £r 1 (T 1 ) 

Since K is separable algebraic and finite over Quot(s) we have Di ^ 0. By 
Satz 6 of [3] applied to R\ and to R over s respectively and using the fact that 
£ R = dim k = £ Rl we get 

£ R (T) = dim k fl{R/s) - dim fc Q(S/s) - (dim fc (S/R) - dim fc {S D S/R D R)) . 

>0 by Corollary 5.3 

£ Rl (T 1 )= dim fc n(R 1 /s) - dim k Q(S/ s)-( dim k (S/ Ri) - dim k {S B S / Ri B R t )) . 

>0 by Corollary 5.3 

Subtracting both formulas we obtain: 

3.1. Proposition. 

£r(T) — £r 1 (Ti) — 
dim fe n(R/s) -dim fe Slfa/s) - (dim k (R 1 /R) — dim k (R 1 D R ± / RD R)) . 

The above mentioned formulas for £r(T), £ Rl {Ti) and £r{T) — £ Rl (T 1 ) can be 
rewritten in the following way: 

From the obvious inclusions D R <Z RB. R C S D S one gets 
dim k (SBS/RBR) = dim k (S B S / D R)—dim k (RB R/ D R). By Corollary 5.3 
one has dimfc (SdS/DR) = dimk (S/R). Therefore 
dimfc (S/R) -dim k {SBS/RBR) = dim k {RB R/ B R). 
By the same argument: 

dim k {S/Ri) - dinikiSDS/RiDRi) = dim fc (i2i D R 1 / D 

Substituting these expressions in the above formulas for £r(T) und £ Rl (Ti) 
and then computing the difference yields: 

3.2. Proposition. 

£ R (T) = dimfc Sl(R/s) - dim k tt(S/s) — dim fc (i? B R/BR) . 
£ Rl (T 1 )= dim fc fi(i?x/s) - dimfc fi(5/s)-dim fc ( J R 1 Di? 1 /D J R 1 ) . 
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£r{T) - tn^Ti) = 

dim k n(R/s) -dim fc n(i2i/s) - (dim fc (PD P/ D P) - dim fc (Pi DP1/DP1)) . 

3.3. Definition. The expressions 

dim fe (PDP/DP) and dim fe (Pi D R 1 / D Ri) will be called the 
"exactness-defects" of R and R\ respectively. 

3.4. Remark. The exactness- defect is a measure for the number of non ex- 
act differentials in the ring. For semigroup rings the exactness-defects are 
zero {Proposition 5.2). Rings with exactness- defect zero have "maximal tor- 
sion" ([13, Th. 1]). For an interpretation ofQ(R/k)/ dR as a cyclic homology 
module see [15, HCi 9.6.15]. In the graded case one obtains the Kernel of the 
canonical map Q(R/k) — * Q(S/k) as shown in [14, Th.2.1], which in our case 
isT = r(n(R/k)). 

3.5. Remark. If R is a semigroup ring then by Corollary 5.4 we have 
dim fc (_R 1 DPi/PDP) = dim k (R 1 /R) so that in this case we have 

£r(T) - e Rl (7\) = dim fc n(R/s) - dim fc Q(R 1 /s) . 

Using the techniques already employed in [4] we will now give an estimate 
for the difference dimfc(i7(i?/s)) — dimfc f2(i?i/s): 

Let Zi :— — for i — 2 . . . n. Write R\ and R as factor rings of polynomial rings 
over s in Zi and Xi with relation ideals tli and n respectively: 
R 1 ~ Pi/m with P 1 := s[Z 2 , ...,Z n ] 
R ~ P/n with P := s[X 2 , ...,X n ]. 

One has a commutative diagram with exact rows and columns: 







ni 



n 







Pi 



Zii—>zi 



Ri 



Xfi-^xZi 

P ► R 



-> 











x • Zi 



In the following we identify P with its image in Pi, so that we have Xi 
for all i — 2, . . . , n. 
Now let 

Ai : Pi -> Pi := n(P 1 /s)/n 1 ■ n(P 1 /s) and 

A : P — > F := Q(P/s)/n ■ Q(P/s) denote the compositions of the universal 

derivations of Pi and P over s with the factor maps mod ni ■ Q(P 1 /s) and 

n-Q(P/s) respectively. Then 

Pi = Pi • AZ 2 © • • • © Pi • AZ n and 

P = P • AX 2 © • • • © P • AX n 

are the free modules with bases AZi and AXi respectively and from the above 
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diagram one obtains an exact commutative diagram of i?-modules: 







m 1 



Fx 



Q.{Ri/s) 



AX i ^xA 1 Z i 



8xi<-^xSiZi 



-> F 



Q(R/s) 



-> 



-> 





where Oti := i?i ■ AitTi and := /?• An are the corresponding relation modules 
(e.g. see [2], Satz 5). 

Since s is a principal ideal domain and both Ri and R are finitely generated 
s-modules they are also free s-modules, and their rank as s-modules is equal 
to q = (K : Quot(s). Therefore Fi and F are both free s-modules of rank 
q ■ (n — 1). 

Since Fi/tfti ~ fl(Ri/s) and F/9t ~ tt(R/s) are both s-modules of finite 
length, the ranks of 9ti and as s-modules are the same as the ranks of F\ 
and F, namely q • (n — 1). 

From now on we identify F with its image in Fi We have 

Fx = R 1 -A 1 Z 2 ©•••© Ri-AiZ n 

F = R-x-A 1 Z 2 ©•••© R-x-AxZn 
and therefore 

e s (F 1 /F) = (n-l)-e a (R 1 /x-R) = 

in - 1) • £ s (Ri/R) + (n - 1) • • i?) 

= (n - 1) • + (n - 1) • g, 

because i? is a free s-module of rank g, and so £ s (R/x ■ R) = q ■ £ s (s/x • s) — q 

=i 

On the other hand we see from the above diagram that: 

£ s (f 1 /f) + £ s ( F/m ) = )+U < ni/m). 

~n(R/ s ) ~n(iii/s) 

It follows: 

(3.1) £ s (n(R/s)) - £ s (n(R 1 /s)) = is^/WL) - (n - l)£ s (Ri/R) - (n - 1) ■ q 

Using the fact that £ s = dim k and substituting equation (3.1) into Proposi- 
tion 3.1 we obtain 

(3.2) £ R (T) - £ Rl (T 1 ) = 

dim k (R 1 DR 1 /RDR)+e s (m 1 /m) - (n - 1) • q - n ■ d]m k (Ri/R) 
We now try to evaluate ^(OTi/OT). 

Let h G n be an arbitrary element of n. Then h — a 
with 0(i 2 ,...,i n G s. Since h G n we have Yl a i2,-;in x% 2 



■ X 12 X' 1 " 



0. It follows 
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that «o,...,o € m fl s = x • s. Therefore we can write 
h = p 1 i + foX 2 + --- + (3 n X n + £ a l2 _ ln X? . . . 

«2H Mn>2 

{x, X2, • • • , x n } is a minimal system of generators for m as an P-module. There- 
fore the residue classes of x,x 2 , ■ ■ ■ ,x n in m/m 2 are linearly independent over 
P/m. Therefore fli, . . . , (5 n e m D s — x ■ s. So h is of the form. 

h(x 2 ,...,x n ) = x 2 - ll +x-Y J nX l + E Ui2,.,i n xi 2 ■■■X i n withies. 

i=2 i 2 + ---+i n >2 

Substituting Xi = Xi ■ Zi it follows that there is an / G s[Z 2 , . . . , Z n ] with 
h(X 2 , . . . , X n ) = h(x ■ Z 2 , . . . , x ■ Z n ) = x 2 ■ f(Z 2 , ...,Z n ). 
Since Pi has no zero divisors / is uniquely determined by h, and we write 
/ -/'• 

Because of Xi = x ■ Zi for i = 2, . . . , n we have i 

x 2 ■ f(z 2 , . . . , z n ) = h(x 2: . . . , x n ) = 0, and therefore j 

f(z 2 , . . . , z n ) = 0, which shows that f(Z 2 , . . . , Z n ) e Ui . 

Define ft := {^/i | /ien}. Then tii D ft D n = x 2 ■ ft. 1 

Obviously ft is a P-module, and if n is generated by n = x ■ n 

{hi, . . . ,h r } as a P-ideal then ft is generated by the corresponding 

{-^hi, . . . , -^K} as a P-module. 

Denote by 9T := P • Aift the P-submodule of 9Ti = Pi • Aim 

generated by {Ax/ | / e ft}. Then we have J_ 

m = R ■ An = P • A^rr 2 • ft) = x 2 ■ 01 91 = P • Aift 

Since 91 is a free s-module of rank (n — 1) • q \\ _ 

then so is VI = 4> • 91 , and we get 51 = P • A n = x 2 • 01 

4(9t/9t) = ( s (W/x 2 ■ m) = (n - 1) • q ■ £ s (s/x 2 ■ s) = 2(n - 1) • q. 

=2 

Then 

isi^/m) = is^/m) + e s (m/yi) = + 2 • (n - 1) • q . 

Substituting this into equation (3.1) we get 
(3.3) £ s (n(R/s))-£ s (n(R l /s)) = 

4(9V^) + (n - 1) • q - (n - 1) • dim^/P) 
and therefore with equation (3.2): 

3.6. Theorem. 
l R (F)-i Rl {T 1 ) = 

dim fc (Pi D Pi/PD P) + 4(0Ti/5t) + (n - 1) • g - n • dim fc (Pi/P) 

3.7. Remark. If R is a semigroup ring then by Corollary 5.4 we have 
dim fc (P! dPi/PDP) = dim fc (R 1 /R), so that in this case 

t R (T) ~ ZrATi) = esWi/fy + in-V-q-in-V-timkiRi/R) 
= Um^m) - (n - 1) • (dim^Pi/P) - q), 
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4. 4(9ti/9t) FOR A COMPLETE INTERSECTION 

4.1. Proposition. If the projective dimension p-dim fl(R/s) < 1 then 
4(9ti/9t) = 4(9ti/9ti) + (n - 1) • dim fc (i*i/i2) > (n - 1) • dim fc (i2i/i2), 

where OTi := i?i • 9t. 

Proof. Q(R/s) = F/yi, where F is a free -R-module of rank n — 1. 
Now p-dim(F/9t) < 1 so that 91 is also a free 
.R-module, and since £r(-F/9T) < oo the rank 
of 9t as i?-module is equal to the rank of F. 
9t is generated by the Ah with h G n. Since 
-R is local one can choose a basis of the free 
-R-module 9t of the form 
{A/ii, . . . , Ah n -i | hi e n for all i}. Let 
/i := -r^i be the corresponding generators 
of n. Then 

{Ai/i, . . . , Ai/ n _i} is a system of generators of 9t as an -R-module and also 
an .R-basis because both modules have the same rank as .R-modules since 

m = x 2 ■ m.jiet 

9ti := i?i • 91 be the .Ri-submodule of F\ generated by 91. 

Then {A 1 f i , . . . , Ai/ n _i} is a basis of 9ti as an .Ri-module and therefore 

~_ ~_ n—l 

gtx/m ~ e rjr. 

1=1 

Further 9li D 9li D 91, and therefore 

4(9Ti/9T) > *(9ti/9t) = (n - 1) • dim fe ( J R 1 / J R). □ 

If .R is a complete intersection, n is generated by n — 1 elements {hi, . . . , /i n _i}. 
Then 91 is generated by {A/i 1; . . . , Ah n -i} and therefore p-dim(F/9l) = 1. 
Then from Theorem 3.6 and the above Proposition we get: 

4.2. Corollary. Lei R be a complete intersection. Then 
t R (T) - tn^Ti) 

= 4(9ti/9ti) + (n-l)-q - (dim fe ( J Ri/ J R) - dim fc (i2i DRJRDR)) 

>{n-l)-q- (dim fc ( J R 1 / J R) — dim fc (i?! D R ± /RD R)) . 

4.3. Remark. // .R «s complete intersection and also a semigroup ring then 
by Corollary 5.4 we have dim fc (RiDRi/ RDR) = dim fe (i? 1 /i?), so that in this 
case 

i R (T) - i Rl {Ti) = 4(9ti/9l!) + (n - 1) • q > {n - 1) • q 
For a semigroup ring which is a stable complete intersection we know already 
from Remark 2.4 that £ R (T) - ^(71) = 2 • dim k (R 1 /R). 



T 1= 


Ri 


■ Aim 








Ri 


• Axfi = 




•91 


T = 


R 


■ Axfi 






91 = 


R 


• A n = 


x 2 • 


9t 
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5. Semigroup Rings 

Consider a subring R' of S with k C R' C S 1 and the universal finite derivation 
D : 5 -> Q{S/k) = SDS = S • Dt of S over k. The Kernel of D is k, because 

oo oo 

D(£ a„ • f) = • a„ • 1 1 " 1 = a v = for alle z/ > 0. 

D is a /c-linear map, and since KerD = k C i?' we have D _1 (Di?') = it!'. So 
we get: 

5.1. Remark. Let k C R' <Z R" C S be two subrings of S. Then the universal 
finite derivation D of S over k induces an Isomorphism of k-vectorspaces 

R"/R' ^ D R"/ D R' 

Now let R' := k\t n \ . . .,t Ur j CS = k[t], n x < ■ ■ ■ < n r , 

be a semigroup ring. We show that in this case R'DR' = DR': 

5.2. Proposition. 

Let R' be a semigroup ring. Then: 

D : R' -> R'DR' is surjective, i.e. R'DR' = D R' . (Each differential of 
R'D R' is exakt with respect to D \ R' .) 

Proof. Since R'DR' — R' -D t ni H h Rl ■ D f\ it is sufficient to show that 

each uj G R'Dt ni has an inverse image in R' (i — 1, . . . , r): 

uj e R' • D =^ 

^= E au u ...,u r ■ (t ni ) ui ■ ■ ■ (t n ^ ■ ■ ■ (t nr ) Ur -Dt ni 

r ■ {t ni ) ui ■ ■ ■ {t ni ) Vi ■ ■ ■ {t nr ) Ur ■ Hi ■ r*- 1 ■ d t 



VI,. 


■;V r 


E a vi 


VI,. 


..,V r 


E n i- 


VI,. 


..,V r 


D| 






\vi,...,v, 


D| 






\vi,...,v, 



Q, 

vini-\ \-(vi+l)niA \-v r n r V l>—M 

Hi n . (fn-L\vi . . . /mA^+l . . . (fn r \v r 

+(v i +l)n t +--+v r n r Uil 'i'-^r \ L ) V / \ L ) 



. fViniA \-(Vi+l)ni^ hv r rir 



Villi 



&R' 



□ 



Since S = k{t] is a semigroup ring it follows from proposition 5.2 that 
SD S = D S. From Remark 5.1 we obtain: 
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BS=SDS 



5.3. Corollary. 

SDS/DRc^S/R as k -vector spaces 

and therefore g 
dim k (SDS/RDR) < dim k (SD S/ D R) = dim k (S/R). 

If R is a semigroup ring. Then: 

SDS/RDR S/R as k -vector spaces 

and therefore 

dim k (SDS/RDR) = dim k (S/R). 

If R is a semigroup ring then also R\ is a semigroup ring. So we can apply 
proposition 5.2 to R and to R\. It follows with Remark 5.1: 

5.4. Corollary. Let R be a semigroup ring. Then: 




and therefore 



RiDRi/ RDR ^ Ri/R as k-vectorspaces 



dimk^DRx/RDR) = dim^R^R). 



6. Summary 

General Formula: 

= dim fc (_Ri DR 1 /RDR) + dhn k n(R/s) - dim k fl(R 1 /s) - dim fe (_Ri/R) 
= e s (mi/<h) + dim fc (_Ri DBi/KDR) + (n - 1) • q - n ■ dim fc (_Ri/R) 



Complete Intersection: 
,(<ni/01i) + {n-l)-q- (dim fc (Ri/R) - dim fc (Ri Dfii/UDR)) 

Semigroup Ring: 
+ in - 1) • q - (n - 1) ■ dim fc (Ri/_R) 



Stable Complete Intersection: 
dim*. (_Ri D Rt /R D R) + dim k (Ri/R) 



Semigroup Ring, Complete Intersection: 
= £ s (9ti/<ni) + (n - 1) ■ q > (n - 1) • q 



Semigroup Ring, Stable Complete Intersection: 
= 2 ■ dim fe (_Ri/R) 
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